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Abstract-In this work, we find a necessary and sufficient condition for the normality of an 
h-hypertoumament matrix. Moreover, we give a sufficient condition for (n - 1)/2 to be the spectral 
radiuz of a normal h-hypertournament matrix of order n. Also, we answer an open question suggested 
by Kirkland. 
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1. INTRODUCTION 
A tournament matrix A = (aij) f o or d er n is a matrix of order n x n of ones and zeros, such that 
A+AT=J-I, (1) 
where J is the all ones matrix and I the identity matrix. An example of a tournament matrix of 
order 4 is 
A tournament matrix may represent, for instance, the outcome of a tournament in which each 
player (or team) plays once against each of the others under the assumption that there are no 
ties: aij = 1 if player i defeats player j and 0, otherwise. Spectral properties of the tournament 
matrices has been studied by Brauer and Gentry [1,2]. They proved that if X is an eigenvalue of 
tournament matrix of order n, then 
We recall a result of Bendixson [3]. If X is an eigenvalue of a real matrix A of oder n x n and 
ifp= I/2 maxi,j lafj - aji], then 1 Im X] 5 pdm. Clearly, for a tournament matrix 
p= l/2. Then, the upper bound for I Im X( in (3) can be improved to 
(4) 
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The class of tournament matrices has some natural extensions. Moon and Pullman [4] define the 
concept of generalized tournament matrices as those nonnegative matrices A such that A + AT = 
J - I. Now, oij can be interpreted as the priori probability that player i defeats player j. Clearly, 
oii = 0 for all i. For example, the matrix 
A _ 
-[ 
0 0.1 0.8 1 
0.9 0 0.7 0.4 
0.2 0.3 0 0 
0 0.6 1 0 
is a generalized tournament matrix of order 4 and the probability that player 1 defeats player 3 
is equal to 0.8. 
Maybee and Pullman [5] consider the h-hypertournament matrices. A real matrix A = (eij) 
is an h-hypertournament matrix if oii = 0 for all i and A + AT = hhT - I for some real vector 
h # 0. From this definition, it follows that the components of the vector h are -1 or 1. It is 
also clear that each tournament matrix is a generalized tournament matrix and each generalized 
tournament matrix is a 1-hypertoumament matrix, where 1 = [l, 1, . . . , 11. An example of an 
h-hypertournament matrix is 
[ 
0 -0.8 -0.7 -0.4 1 
A= 
-0.2 
0 
0.2 
0.3 . -0.3 .8 0 6 I ’ h= [I 1; , 
-0.6 0.7 0.4 0 -1 
Maybee and Pullman in [5] proved, among others results, that if X is an eigenvalue of an 
h-hypertournament matrix, then 
n-l 
-;<Hex<-. 
2 (5) 
Moreover, it can be proved that if there exists an eigenvalue X such that F&X = (n - 1)/2, 
then X is a real number and all the other eigenvalues have a real part equal to -l/2. Also, 
Maybee and Pullman in [5] proved that each h-hypertoumament matrix is diagonally similar to 
a 1-hypertoumament matrix. For a 1-hypertournament matrix A, a score vector is defined as 
s = Al. In [6,7], the authors give some spectral results in terms of the score vector. However, 
to our knowledge, not one author has explicitly given necessary and sufficient conditions for the 
normality of the h-hypertournament matrices. In this work, we find a necessary and sufficient 
condition for the normality of thii class of matrices. Also, we give a sufficient condition for 
(n - 1)/2 to be the spectral radius of a normal h-hypertournament matrix of order n, and finally, 
we answer an open question proposed by Kirkland [6]. 
2. NORMALITY OF h-HYPERTOURNAMENT MATRICES 
We begin recalling the following result given in [8]. 
LEMMA 1. If X1, X2,. . . , A, axe the eigenvalues of a complex matrix A of order n x n, then each 
ReXj, j=l,...,n,SBtf&S 
?J ov2 (Re (tr A))2 1’2 
I]B]12 - 1211A112, - n 
where 
B = f (A + A*) and v(A) = JJAA” - A’A]],. (7) 
Applying this lemma to an h-hypertournament matrix, we obtain the following corollary. 
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COROLLARY 2. If x1, x2,. . . , A, are the eigenvalues of an h-hypertournament matrix A of or- 
dern, t~eneachReXj,j=l,...,n,satisfies 
Now, we are ready to prove the following theorem. 
THEOREM 3. An h-hypertournament matrix of order n is a normal matrix if and only if there 
exists an eigenvalue X of A, such that Re X = (n - 1)/2. 
PROOF. Suppose that A has an eigenvalue X, such that ReX = (n - 1)/2. From Corollary 2, we 
have 
n- 1 -=ReRex n(n - 1) _ (V (A))2 1’2 n - 1 
2 12\1All$ 
< 
4 - 2’ 
Then, v(A) = 0. Thus, AAT = AA* = A’A = ATA. We have proved the sufficient condition 
for the normality of A. Suppose now that A is a normal matrix. From A + AT = hh’ - I, 
h # 0, we obtain 
A2 + AAT =AhhT-A and A2+ATA=hhTA-A. (9) 
From (9) and AAT = ATA, we have Ahh’ = hhTA. Then, 
AhhTh = hhTAh. (10) 
Since the components of the vector h are -1 or 1, we obtain from (10) that 
nAh = hhTAh = (hTAh) h. (11) 
This shows that (hTAh)/ n is an eigenvalue of A with eigenvector h. From A + AT = hhT-I, 
we can obtain that hTAh =(n(n - 1))/2. Therefore, (n - 1)/2 is an eigenvalue of A with h a 
corresponding eigenvector. This finishes the proof. I 
COROLLARY 4. If A is a normal generalized tournament matrix of order n, then its spectraf 
radius is (n - 1)/2. 
PROOF. By the Perron-F’robenius Theorem, each generalized tournament matrix A has a real 
eigenvalue equal to its spectral radius p(A). From (5), p(A) 5 (n - 1)/2. Moreover, by Theo- 
rem 3, (n - 1)/2 is an eigenvalue of A. Hence, p(A) = (n - 1)/2. I 
The result of Corollary 4 cannot be extended to normal h-hypertournament matrices. In fact, 
the matrix 
3 
A= 2 
1 
2 
1 -- 
- 2 
0 -- ; f 
3 l 2 0 -_ 
2 
1 3 
z 
z 
0 
-I 
is a normal h-hypertournament matrix which spectral radius is equal to (m)/2 and this value 
is larger than 3/2. 
The next theorem gives a sufficient condition for (n - 1)/2 to be the spectral radius of a normal 
h-hypertournament matrix of order n. 
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Before stating and proving the theorem, we recall the Schur Theorem [3]. IfXr, Xp, . . . , A, 4re 
the eigenvalues of a complex matrix A of order n x n, then 
k=l 
k=l 
and 
where B = 12(A+ A*) and C = 1/2i(A - A*), A* denotes the conjugate tmwpose of A. 
Equality in any of the above inequalities implies equality in ail three and occurs if and only if A 
is a normal matrix. 
THEOREM 5. Let A be a normal h-hypertournament matrix of order n. If [[A& < (n(3n-5))/4, 
then p(A) = (n - 1)/2. 
PROOF. We begin the proof recalling that if there exists an eigenvahre of an h-hypertournament 
matrix of order n with real part equal to (n - 1)/2, then this eigenvalue is a real number and ail 
the other eigenvahres have a real part equal to -l/2. By Theorem 3, (n - 1)/2 is an eigenvahre 
of A. Let X be an eigenvalue of A, X # (n - 1)/2. Then, ReX = -12. Since A is a real matrix, 
by the Schur Theorem, 
(IO2 L fsCll& C=;(A-AT). 
In addition, 
IlCll$ = IIN; - IIBII; = llAll% - “‘“,- ‘)a 
Hence, 
(Rex)2 + (ImX)2 5 a + illAll$ - n(n8s ‘I. 
We now impose 
to get the sufficient condition given in the theorem. I 
3. ANSWER TO AN OPEN QUESTION 
In [6], Kirkland proved that if A is a generalized tournament matrix with score vector s and 
if sTs < (n2(n - 1)/4, then the spectral radius of A is larger than (n - 2)/2 and suggested a 
question about the truth of the converse. That is, if A is a generalized tournament matrix with 
score vector s and if p(A) > (n - 2)/2, then sTs < (n2(n - 1))/4? The converse is false. In fact, 
the matrix 
A = [ ;:;; ;;;; ii:] 
is a generalized tournament matrix with spectral radius equal to 0.5015 and sTs =4.5314. We 
see that its spectrd radius is larger than 0.5 and sTs > 4.5. 
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